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1. Introduction
Equivariant cohomology is presently attracting much interest both in Physics
and Mathematics. This is largely due to its relevance to various localization for-
mulas originally introduced by Duistermaat and Heckman, and its connections to
cohomological topological field theories. More recently, equivariant cohomology
has also found applications in the investigation of W -gravity and the formalism
is also relevant in a geometric loop space approach to Poincare´ supersymmetric
theories.
The original localization formula by Duistermaat and Heckman [1], [2] (for a
review, see [3]) concerns exponential integrals over a 2n dimensional symplectic
manifold M i.e. classical partition functions of the form
Z =
1
(2pi)n
(iφ)n
∫ 1
n!
ωneiφH =
1
(2pi)n
∫
exp{iφ(H + ω)} (1)
where ω is the symplectic two-form. If the Hamiltonian H determines a global
symplectic action of a circle S1 ∼ U(1) - or more generally the global action of a
torus - on the manifold with isolated and nondegenerate fixed points p, the integral
(1) localizes to these points,
Z =
(
2pi
iφ
)n∑
dH=0
exp{ipi
4
ηH}
√
det ||ωµν||√
det ||∂µνH||
exp{iφH} (2)
Here ηH is the η-invariant of the matrix ∂µνH when viewed as a linear operator on
TMp, i.e. if we denote the dimensions of the eigenspaces of the matrix ∂µνH at a
(non-degenerate) critical point p by dimT+p and dimT
−
p ,
ηH = dimT
+
p − dimT−p
As explained by Berline and Vergne [4], the integration formula (2) can be
interpreted in the context of equivariant cohomology. In the case of a circle ac-
tion, the pertinent equivariant cohomology is described by an equivariant exterior
derivative
dH = d+ iH
1
where iH is the (nilpotent) contraction operator along the Hamiltonian vector field
of H . The operator dH squares to the Lie derivative of the circle action,
LH = diH + iHd
which implies that it is nilpotent on the subcomplex ΛH of U(1) invariant exterior
forms
LHΛH = 0
Furthermore, since
dH(H + ω) = 0
we conclude that H+ω can be viewed as an equivariant extension of the symplectic
two-form ω. In particular, the integrand in (1) is equivariantly closed and the
integration formula (2) can be seen as a consequence of an equivariant version of
Stokes theorem.
An infinite dimensional generalization of the Duistermaat-Heckman formula
was presented by Atiyah and Witten [5]. They considered loop space equivariant
cohomology described by the loop space differential operator
Qz˙ = d+ iz˙
and they were interested in evaluating a supersymmetric path integral that de-
scribes the Atiyah-Singer index of a Dirac operator on a Riemannian manifold.
The crucial idea in their work is that the fermionic bilinear in the supersymmetric
action can be interpreted as a loop space symplectic two-form, and integration over
the fermions yields the loop space Liouville measure. Their approach was general-
ized by Bismut [6] to twisted operators, and to the computation of the Lefschetz
number of a Killing vector field acting on the manifold.
In [7], [8] the action of four dimensional topological Yang-Mills theory was
interpreted in terms of equivariant cohomology and Weil algebra. In [9] Atiyah
and Jeffrey gave an interpretation of its partition function as a regularized Euler
class on a vector bundle associated to the bundle A → A/G of connections on a
principal bundle. This interpretation of cohomological topological field theories is
an infinite dimensional generalization [9], [10] of the formalism developed earlier
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by Matthai and Quillen [11], who explained how representatives of the Thom class
of vector bundles can be constructed using equivariant cohomology. They also
applied this formalism to establish a direct connection between the Poincare´-Hopf
and Gauss-Bonnet-Chern theorems in classical Morse theory using localization
methods.
In a series of papers [12]-[19] the quantum mechanics of circle actions of isome-
tries on symplectic manifolds was considered using a different method of loop space
localization. The derivation of the twisted Atiyah-Singer index theorem and its
generalizations was also considered in this formalism [14], [15] and the ensuing
equivariant cohomology and loop space symplectic geometry was applied to for-
mulate general Poincare´-supersymmetric quantum field theories in a geometrical
framework [14], [16].
In the present paper we shall be interested in applying the equivariant coho-
mology and localization techniques developed in [12]-[19] to investigate certain
geometrical aspects of quantum integrability, for the general class of Hamiltonians
that determine the global action of a circle on the phase space. In particular, we
explain how loop space equivariant cohomology can be used to construct novel
quantum mechanical partition functions that are based on this family of Hamilto-
nians. We show how these partition functions can be evaluated exactly by local-
ization methods. Our final results are integrals of equivariant characteristic classes
over a moduli space which describes the classical configurations of the underlying
dynamical system.
Our main results can be viewed as an equivariant version of classical Morse
theory. In particular, we explain how loop space equivariant generalizations of
the Poincare´-Hopf and Gauss-Bonnet-Chern theorems can be derived, with the
equivariance determined by the Hamiltonian dynamics of H . Our formalism is
closely related to the Matthai-Quillen formalism, and in a sense it can be viewed
as an ”equivariantization” of their work.
In order to describe in more detail the results that we shall derive here, we first
recall some aspects of classical Morse theory (from the present point of view see
e.g. [3], [10], [20]). For this we consider critical points p of a smooth function F -
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the Morse function - on a compact oriented 2n dimensional manifold M,
dF|p = 0
If these critical points p ∈M of F are isolated and non-degenerate, the Poincare´-
Hopf theorem states that the Euler characteristic X (M) of M is related to these
critical points by
X (M) =
2n∑
i=0
(−1)idim H i(M;R) = ∑
dF=0
sign(det || ∂
2F (p)
∂xµ∂xν
||) (3)
with xµ local coordinates around p. In particular, (3) means that the sum over the
critical points of F is a topological invariant of the manifold, independently of the
function F .
Here we shall be interested in generalizations of (3) to sums that are of the
form ∑
dF=0
sign(det || ∂
2F (p)
∂xµ∂xν
||) · exp{iφF (p)} (4)
where φ is a parameter. We shall find that such generalizations of (3) are also
related to an invariant of the manifold M which is an equivariant version of the
Euler class. Furthermore, we shall explain how sums like (4) arise in the loop
space, and we also present the appropriate degenerate versions.
In section 2. we shall introduce some background material on equivariant co-
homology. In section 3. we present a derivation of the Duistermaat-Heckman
integration formula (2) and generalize it to the degenerate case. This derivation
introduces techniques that we use in the subsequent sections to discuss more gen-
eral localizations formulas. In section 4. we introduce the supersymmetric complex
S∗M and explain how the Matthai-Quillen formalism follows. We also general-
ize this formalism by equivariantizing it with respect to a Hamiltonian H that
generates the action of a circle on the phase space. In section 5. we use our
formalism to derive equivariant generalizations of the Poincare´-Hopf and Gauss-
Bonnet-Chern theorems in the finite dimensional context. In section 6. we return
to the Duistermaat-Heckman integration formula, by generalizing it to the loop
space. The techniques we introduce in this section are then applied in the last two
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sections to localize loop space integrals over the supersymmetric complex S∗M.
First, in section 7. we derive the Poincare´-Hopf and Gauss-Bonnet-Chern the-
orems for an arbitrary, non-gradient vector field. In section 8. we then extend
these theorems to the equivariant context determined by a nontrivial Hamiltonian
dynamics.
2. Equivariant cohomology on a symplectic manifold
In this section we introduce relevant concepts in equivariant cohomology. We
shall be interested in a 2n dimensional compact symplectic manifoldM, with local
coordinates xµ and Poisson bracket
{xµ, xν} = ωµν(x)
Here ωµν is the inverse matrix to the closed symplectic two-form on M,
ω =
1
2
ωµνdx
µ ∧ dxν
dω = 0
so that locally we can introduce a one-form ϑ called the symplectic potential such
that
ω = dϑ
We are interested in the equivariant cohomology H∗G(M) associated with the
symplectic action of a Lie group G on the manifold M,
G ×M → M
If the action of G is free i.e. the only element of G which acts trivially is the unit
element, the coset M/G is well defined and the G-equivariant cohomology of M
coincides with the ordinary cohomology of the coset,
H∗G(M) = H∗(M/G)
In the case of non-free G-actions, more elaborated methods are needed to compute
the equivariant cohomology. Three different approaches have been introduced to
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model H∗G(M), using differential forms on M together with polynomial functions
and forms on the Lie algebra g of G. The two classical approaches are the Cartan
and Weil models, and they are interpolated by the BRST model as described e.g.
in [19], [21]. In the following we shall mainly need the Cartan model.
The G-action on M is generated by vector fields Xα, α = 1, ..., m that realize
the commutation relations of the Lie-algebra g,
[ Xα , Xβ ] = fαβγXγ
with fαβγ the structure constants of g. With X a generic vector field on M,
we denote contraction along X by iX . In particular, the basis of contractions
corresponding to the Lie algebra generators {Xα} is denoted by iXα ≡ iα. The
pertinent Lie-derivatives are
Lα = diα + iαd
where d is the exterior derivative on the exterior algebra Λ(M) of the manifold
M. They generate the G-action on Λ(M),
[ Lα , Lβ ] = fαβγLγ
We shall assume that the action of G is symplectic so that
Lαω ≡ diαω = 0 for all α
Provided the one-forms iαω are exact (for this the triviality of H
1(M, R) is suffi-
cient), we can then introduce the corresponding momentum map
HG : M → g∗
where g∗ is the dual Lie algebra. This yields a one-to-one correspondence between
the vector fields Xα (and corresponding Lie-derivatives Lα) and certain functions
Hα on M, the components of the momentum map
HG = φ
αHα
where {φα} is a (symmetric) basis of the dual Lie algebra g∗, and
iαω = − dHα
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or in local coordinates
Xα = ωµν∂µHα∂ν
In the sequel we shall only consider the simplest example of a group action on
the symplectic manifoldM, the action of a circle G = U(1) = S1. It is determined
by a momentum map H corresponding to a Hamiltonian vector field XH as the
only generator of the Lie algebra u(1) of U(1),
XH = ωµν∂µH∂ν
We introduce the following equivariant exterior derivative operator on M,
dH = d+ φiH (5)
Here the factor φ is a real parameter that we interpret as a generator of the algebra
of polynomials on u(1) i.e. as a generator of the symmetric algebra S(u(1)∗) over
the dual of the Lie algebra of U(1). Thus the operator (5) acts on the complex
S(u(1)∗)⊗ Λ(M). Since
d2H = φ(diH + iHd) = φLH
we conclude that on the U(1) invariant subcomplex (S(u(1)∗) ⊗ Λ(M))U(1) the
action of dH is nilpotent and defines the U(1)-equivariant cohomology ofM as the
dH-cohomology of (S(u(1)
∗)⊗Λ(M))U(1). Since the operations of evaluating φ and
formation of cohomology commute for abelian group actions the results coincide
independently of the interpretation of φ, and for notational simplicity we shall in
the following usually set φ = 1. This model for the U(1)-equivariant cohomology
of M is the abelian Cartan model.
In the following we shall need a canonical realization of the various operations
on the algebra S(u(1)∗) ⊗ Λ(M). For this we introduce canonical momentum
variables pµ which are conjugate to the coordinates x
µ of the original symplectic
manifold, identify the basis of one-forms dxµ with anticommuting ηµ and realize
the contraction operator acting on ηµ canonically by η¯µ, using Poisson brackets
{pµ, xν} = {η¯µ, ην} = δνµ (6)
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In terms of these variables the exterior derivative, contraction and Lie derivative
can be realized by the Poisson bracket actions of
d = pµη
µ
iH = X µH η¯µ (7)
LH = X µHpµ + ηµ∂µX νH η¯ν
Finally, since (φ = 1)
dH(H + ω) = dH + iHω = 0 (8)
we conclude that H + ω is an element of H∗U(1)(M), that is it determines an
equivariant cohomology class. This is an equivalence class consisting of elements in
Λ(M) which are linear combinations of zero- and two-forms and can be represented
as
H + ω + dHψ
where ψ is in ΛH(M) i.e. it satisfies
LHψ = 0
3. Duistermaat-Heckman Integration Formula
The integration formula by Duistermaat and Heckman concerns the exact eval-
uation of the classical partition function
Z =
∫
ωneiφH (9)
where H is a hamiltonian function that determines the global symplectic action
of S1 ∼ U(1) on the phase space M, and in physical applications φ is identified
as the inverse temperature. The integration measure is the phase space Liouville
measure which is a canonically invariant measure on M.
If the critical points of H are isolated and nondegenerate, the integration for-
mula by Duistermaat and Heckman states that (9) localizes to the critical points
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of H ,
Z =
∑
dH=0
√
det||ωµν ||√
det||∂µνH||
exp{iφH} (10)
where for simplicity we have included the phase factor that appears in (2) to the
definition of the determinant ofH , and we have also absorbed the additional factors
that appear in (2) to the normalization of Z.
In this section we shall present a derivation of the integration formula (10) and
explain how it generalizes to the case where the critical points of H are degenerate.
In the subsequent sections we then use the techniques that we introduce here to
derive new integration formulas for integrals that are more general than (9).
Using the fact that integration picks up the 2n-form, modulo an overall nor-
malization we can write (9) as
Z =
∫
exp{iφ(H + ω)} (11)
or in local coordinates
Z =
∫
dxdη exp{iφ(H + 1
2
ηµωµνη
ν}
In order to prove the integration formula (10), we introduce the following general-
ization of (11)
Zλ =
∫
exp{iφ(H + ω) + λdHψ} (12)
Here ψ is a one-form and λ is a parameter. We shall first argue that if ψ is in the
H-invariant subspace,
LHψ = 0 (13)
the integral (12) does not depend on λ. Since the integrals (11) and (12) coincide for
λ→ 0, this implies that these integrals coincide for all values of λ. By evaluating
(12) in the λ→∞ limit we then obtain the integration formula (10).
Notice in particular, that the λ-independence of (12) means that (11) only de-
pends on the equivalence class thatH+ω determines in the equivariant cohomology
H∗U(1)(M).
In order to establish the λ-independence of (12), we consider an infinitesimal
variation λ→ λ+ δλ and show that
Zλ = Zλ+δλ
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For this we introduce the following infinitesimal change of variables in (12):
xµ → xµ + δxµ = xµ + δψ · dHxµ = xµ + δψηµ
ηµ → ηµ + δηµ = ηµ + δψ · dHηµ = ηµ − δψX µH (14)
where
δψ = δλ · ψ
As a consequence of (8) and (13) the exponential in (12) is invariant under the
change of variables (14). However, the Jacobian is nontrivial:
dxdη → (1 + dHδψ)dxdη ∼ exp{dH(δψ)}dxdη = exp{δλdHψ}dxdη
Hence
Zλ =
∫
dxdη exp{iφ(H + ω) + λdHψ + δλdHψ} = Zλ+δλ
and the classical partition function (11) depends only on the equivalence class that
H + ω determines in the equivariant cohomology H∗U(1)(M).
The λ-independence of (12) implies (10): For this we first observe that since
the group U(1) is compact we may construct a metric tensor gµν on M for which
the canonical flow of H is an isometry,
LHg = 0 (15)
or in components,
X ρH∂ρgµν + gµρ∂νX ρH + gνρ∂µX ρH = 0
Such a metric is obtained by selecting an arbitrary Riemannian metric gµν onM,
and averaging it over the group U(1). A converse is also true: SinceM is compact
the isometry group of gµν must be compact.
We select
ψ = iHg = gµνX µHην (16)
As a consequence of (15),
LHψ = 0
and
dHψ = K + Ω
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and the integral
Z =
∫
exp{iφ(H + ω)− λ
2
(K + Ω)} (17)
is independent of λ. Here we have defined
K = gµνX µHX νH
and
Ωµν = −Ωνµ = 1
2
[∂µ(gνρX ρH)−∂ν(gµρX ρH)] =
1
2
[∇µ(gνρX ρ)−∇ν(gµρX ρ)] (18)
which is called the Riemannian momentum map [3]. Here ∇µ is the covariant
derivative
∇µ(gνρX ρ) = ∂µ(gνρX ρ)− Γσµν(gσρX ρ)
and Γρµν is the Levi-Civita connection
Γρµν =
1
2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν)
and the last relation in (18) follows from antisymmetry.
We note that since Ω determines a closed two-form on M it can be viewed as
a (degenerate) symplectic two-form. Furthermore, we find that (H,ω) and (K,Ω)
defines a bi-hamiltonian pair in the sense that their classical trajectories coincide,
Ωµν x˙ν = ∂µK = Ωµνω
νρ∂ρH
which is consistent with the classical integrability of H .
Explicitly, (17) is
Z =
∫
dxdη exp{iφ(H + ω)− λ
2
gµνX µHX νH −
λ
2
Ωµνη
µην} (19)
and the integration formula (10) follows immediately when we recall that
δ(αx) =
1
|α|δ(x) = limλ→∞
√
λ
2pi
e−
λ
2
(αx)2
which localizes (19) onto (10),
Z =
∫
dxdη
Pf(Ωµν)√
det ||gµν ||
δ(XH) eiφ(H+ω)
11
=
∑
dH=0
√
det ||ωµν ||√
det ||∂µνH||
exp{iφH}
Here we have used
∂µX νH = ωνσ∂µ∂σH
on the critical points dH = 0 and included the phase factor that appears in (2) to
the definition of the determinant of ∂µνH .
We now generalize (10) for Hamiltonians H with degenerate critical points. We
denote the critical submanifold of H in M by M0 and by N⊥ its normal bundle
in M. In a neighborhood near M0 we write the local coordinates xµ as
xµ = xˆµ + δxµ
where xˆµ are local coordinates in M0,
X µH(xˆ) = 0 (20)
and δxµ are local coordinates in N⊥. Similarly, we introduce
ηµ = ηˆµ + δηµ
where ηˆµ are one-forms in T ∗M0 and δηµ are one-forms in T ∗N⊥. In particular,
the ηˆµ satisfy
Ωµν(xˆ)ηˆ
ν = 0 (21)
for all µ.
For large λ the integral (19) localizes exponentially to the vicinity of M0, and
consequently we can extend integration over all values of δxµ. We introduce the
following change of variables,
xµ = xˆµ + δxµ −→ xˆµ + 1√
λ
δxµ
ηµ = ηˆµ + δηµ −→ ηˆµ + 1√
λ
δηµ (22)
Since the Jacobians for the δxµ and for the δηµ cancel, the corresponding Jacobian
is trivial.
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Consider the last term in (19),
λ
2
ηµΩµνη
ν (23)
If we perform the change of variables (22) and expand (23) in powers of
√
λ we
find that the term which is proportional to λ
ηˆµΩµν ηˆ
ν
vanishes by (21). Similarly, the terms which are proportional to
√
λ
ηˆµδxρ∂ρΩµνη
ν + δηµΩµν ηˆ
ν + ηˆµΩµνδη
ν
vanish as a consequence of (20), (21) and the Lie derivative condition (15) for the
metric tensor.
We shall now proceed to investigate the O(1) contribution in this expansion,
1
2
ηˆµηˆνδxρδxσ∂ρ∂σΩµν + δη
µδxρ∂ρΩµν ηˆ
ν + ηˆµδxρ∂ρΩµνδη
ν + δηµΩµνδη
ν
A lengthy but straightforward calculation reveals, that these terms can be com-
bined into
1
2
δηµΩµνδη
ν +
1
2
δxµΩκµRκνρσηˆ
ρηˆσδxν (24)
where
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓρµσ + ΓρµκΓκνσ − ΓρνκΓκµσ
is the Riemann tensor. Hence in the λ→∞ limit (23) reduces to (24).
Similarly, we expand the second term in (19), i.e.
λ
2
gµνX µHX νH
in powers of
√
λ, after we first perform the change of variables (22). We find, that
in the λ→∞ limit the only term that survives is
λ
2
gµνX µHX νH −→
1
2
δxµΩρµΩρνδx
ν (25)
From (23) and (24) we conclude that in the λ → ∞ limit the integrals over δxµ
and δηµ in (19) become Gaussian, and evaluating these integrals we get
Z =
∫
M0
dxdη exp{iφ(H + ω)} · Pf(Ωµν)√
det ||Ωµσ(Ωσν +Rσνρκηρηκ)||
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=
∫
M0
dxdη
exp{iφ(H + ω)}
Pf(Ωµν +Rµνρσηρησ)
(26)
where the det and Pf are evaluated over the normal bundle N⊥. This result
generalizes (10) to the degenerate case. Indeed, if we take the limit where M0
becomes a set of isolated and nondegenerate critical points and carefully account
for the sign of the Pfaffian in (26), we find that in this limit (26) reproduces (10).
If we set H = 0 in (26) we recognize in the numerator the Chern class of the
symplectic two-form ω and in the denominator the Euler class of the curvature
two-form Rµν . With nonzero H , we can then identify [3]
Ch(H + ω) = exp{iφ(H + ω)}
as the equivariant Chern class of M0 and
E(Ωµν +Rµνρση
ρησ) = Pf(Ωµν +Rµνρση
ρησ)
as the equivariant Euler class ofM0, evaluated over the normal bundle N⊥. Equiv-
ariant characteristic classes [3] are generalizations of ordinary characteristic classes
to the equivariant context, and provide representatives of equivariant cohomology.
In particular, we note that equivariant characteristic classes are independent of the
connection which implies that (26) is independent of the metric tensor consistently
with our general arguments.
4. S∗M and generalization of the Matthai-Quillen formalism
We shall now proceed to explain how the previous construction can be extended
to derive more general integration formulas. For this, instead of integrals over the
cotangent bundle M ⊗ T ∗M with local coordinates xµ and ηµ we shall in the
following consider integrals that are defined over all four variables xµ, ηµ, pµ, η¯µ
that we have introduced in (6).
Originally, we introduced pµ as a canonical realization of the local basis for
the tangent bundle TM and η¯µ as a canonical realization of the local basis of the
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contraction dual bundle of T ∗M. In the following we shall instead interpret these
variables as follows: We view xµ and η¯µ as local coordinates on a supermanifold
that we denote by S∗M. In analogy with (7), we interpret ηµ as (part of) a local
basis for the cotangent bundle of S∗M with the identification ηµ ∼ dxµ. However,
instead of viewing pµ as a local basis for the tangent bundle TS
∗M we shall in the
following interpret pµ as (part of) a local basis for the cotangent bundle of S
∗M
with the identification pµ ∼ dη¯µ. The pertinent exterior derivative is
d = ηµ
∂
∂xµ
+ pµ
∂
∂η¯µ
(27)
and it is a nilpotent operator on the exterior algebra Λ(S∗M).
We also introduce a basis iµ, pi
µ of contractions on the exterior algebra Λ(S∗M),
dual to the basis ηµ, pµ of one-forms,
iµη
ν = piνpµ = δ
ν
µ
In order to construct the Matthai-Quillen formalism we consider a conjugation
of d by a functional Φ,
d
Φ−→ e−ΦdeΦ = d+ [d,Φ] + 1
2
[[d,Φ],Φ] + ... (28)
Since this conjugation is an invertible transformation, the cohomologies of (27)
and (28) coincide. Using the Levi-Civita connection Γρµν we define
Φ = − Γρµνpiµην η¯ρ (29)
which yields for the conjugated exterior derivative
d = ηµ
∂
∂xµ
+ (pµ + Γ
ρ
µνη
ν η¯ρ)
∂
∂η¯µ
+ (Γρµνpρc
ν − 1
2
Rρµσνη
νηση¯ρ)pi
µ (30)
In particular, we have
dxµ = ηµ
dηµ = 0
dpµ = Γ
ρ
µνpρη
ν − 1
2
Rρµσνη
νηση¯ρ
dη¯µ = pµ + Γ
ρ
µνη
ν η¯ρ
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where we identify the transformation laws of the standard (N = 1) deRham su-
persymmetric quantum mechanics, with pµ the auxiliary field (see e.g. [20]). As
explained in [10], this means that (30) can be related to the Matthai-Quillen for-
malism [11]. In particular, the corresponding quantum mechanical path integral
determines an infinite dimensional version of the Matthai-Quillen formalism [10]
and reduces to the original, finite dimensional Matthai-Quillen formalism by a reg-
ularization procedure. As explained in [10] we can use such a path integral and
localization methods to derive the Gauss-Bonnet-Chern and Poincare´-Hopf theo-
rems of classical Morse theory. We shall not reproduce these derivations here, but
refer to [10] for details. Instead we shall now proceed to generalize the previous
construction of the Matthai-Quillen formalism to include the action of a nontrivial
vector field on S∗M , which corresponds to the global circle action on the original
symplectic manifold M generated by our Hamiltonian H .
We first recall the canonical realization (7) of the Lie derivative along the
Hamiltonian vector field XH on the exterior algebra Λ(M),
LH = X µHpµ + ηµ∂µX νH η¯ν
Notice that since it acts by the Poisson brackets (6), it is in fact defined on the
exterior algebra Λ(S∗M). In particular, on our canonical variables the Poisson
bracket action of LH is
LHxµ = X µH
LHηµ = ην∂νX µH
LH η¯µ = −∂µX νH η¯ν
LHpµ = −∂µX νH pν − ην∂µνX ρH η¯ρ (31)
In order to generalize the Matthai-Quillen formalism, as a first step we realize this
action by a Lie derivative that acts as a differential operator on the exterior algebra
Λ(S∗M). For this we define the following vector field on TS∗M
X = X νH
∂
∂xν
− η¯ν∂µX µH
∂
∂η¯ν
and introduce the corresponding nilpotent contraction operator on Λ(S∗M),
iX = X µHiµ − η¯ν∂µX µHpiν
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and the corresponding equivariant exterior derivative
QX = d + iX = η
µ ∂
∂xµ
+ pµ
∂
∂η¯µ
+ X µHiµ − η¯ν∂µX µHpiν (32)
We find that the ensuing Lie-derivative
 LX = diX + iXd
= X µH
∂
∂xµ
+ ην∂νX µHiµ − ∂µX νH η¯ν
∂
∂η¯µ
− (∂µX νHpν + ην∂µνX ρH η¯ρ)piµ (33)
then reproduces the transformation laws (31) on the variables (xµ, η¯µ, η
µ, pµ).
Next, we introduce the conjugation (28) for QX using the functional Φ defined
in (29). This yields for the equivariant exterior derivative (32)
QX → eΦQX eΦ = ηµ ∂
∂xµ
+ (pµ + Γ
ρ
µνη
ν η¯ρ)
∂
∂η¯µ
+ X µH iµ+
+(Γρµνpρη
ν − 1
2
Rρµσνη
νηση¯ρ −X νHΓρµν η¯ρ − ∂µX νH η¯ν)piµ
and for the Lie-derivative (33) we find
 LX = X µH
∂
∂xµ
+ ην∂νX µHiµ − ∂µX νH η¯ν
∂
∂η¯µ
− pν∂µX νHpiµ
− ην η¯ρ(X σH∂σΓρµν + ∂νX σHΓρµσ + ∂µX σHΓρσν − Γσµν∂σX ρH + ∂µνX ρH)piµ (34)
Here we recognize in the last term
X σH∂σΓρµν + ∂νX σHΓρµσ + ∂µX σHΓρσν − Γσµν∂σX ρH + ∂µνX ρH
the Lie-derivative of the connection one-form Γµ in the original manifoldM along
the Hamiltonian vector field XH . Since XH generates the global action of a circle
onM which leaves the metric tensor gµν invariant, we conclude that onM we can
set
LHΓµ = 0 (35)
Consequently we find that (34) simplifies into
 LX = X µH
∂
∂xµ
+ ην∂νX µHiµ − ∂µX νH η¯ν
∂
∂η¯µ
− pν∂µX νHpiµ (36)
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and instead of (31) we have the following transformation laws for the local variables
on S∗M,
 LXx
µ = X µH
 LX η¯µ = −∂µX νH η¯ν
 LXη
µ = ην∂νX µH
 LXpµ = −pν∂µX νH (37)
In particular, comparing (31) and (37) we observe that in (31) the first three have
the appropriate covariant forms for the transformation of a coordinate (xµ), one-
form (ηµ) and its dual (η¯µ) on M respectively under a coordinate transformation
generated by the vector field XH , and the inhomogeneity in the last term reflects
the fact that under a general coordinate transformation a derivative transforms
inhomogeneously. However, in (37) all four tansformations are generally covariant.
In particular, the last one has the appropriate homogeneous form of the generally
covariant transformation law for a covariant derivative on M.
Obviously, the formalism that we have developed here can be viewed as a
generalization - or equivariantization - of the Matthai-Quillen formalism [11], [10],
and we now proceed to apply it to derive new integration formulas.
5. Equivariant Morse theory
We shall first apply our generalization of the Matthai-Quillen formalism to
derive a new finite dimensional integration formula for integrals on Λ(S∗M) that
are of the form
Z =
∫
dxdpdηdη¯ exp{iφ(H + ω) +QXψ} (38)
Here the integration measure is the Liouville measure in the extended phase space
(xµ, pµ, η
µ, η¯µ) with Poisson brackets (6). This is an invariant integration measure
on Λ(S∗M). The Hamiltonian H and the symplectic two-form ω are as before,
i.e. defined in the original phase space M so that H depends only on xµ while ω
is a function of xµ and a bilinear in ηµ. The equivariant exterior derivative QX is
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defined in (32) and ψ is an element in the subspace of Λ(S∗M) that satisfies
 LXψ = 0 (39)
where  LX is the Lie derivative defined in (36). In particular, since (36) assumes
(35) i.e. that the Lie derivative of the Levi-Civita connection one-form Γµ on M
vanishes, we again take the Hamiltonian H to be a canonical generator of a global
circle action on the original phase space M.
Since
QX (H + ω) = 0
we conclude using our earlier arguments that if ψ is in the subspace (40) the
integral (38) is invariant under such local variations of ψ that are in this subspace.
Hence the integral (38) only depends on the equivariant cohomology classes of
QX . However, since H and ω do not depend on the variables pµ and η¯µ we can
not naively set ψ → 0 since in this limit the integral (38) is not properly defined.
This integral is properly defined only if the QXψ-term depends appropriately also
on the variables pµ and η¯µ. Thus we expect that (38) does not coincide with the
Duistermaat-Heckman integral (10); the equivariant cohomology on Λ(M) does
not describe the equivariant cohomology on Λ(S∗M).
In order to evaluate (38), we need to construct an appropriate functional ψ. For
this, we observe that since the basic variables transform in the homogeneous and
generally covariant manner (37) under the Lie derivative, any generally covariant
quantity which is built from pµ,, η
µ, η¯µ and invariant tensors on M such as the
metric tensor gµν, the Hamiltonian vector field X µH , the symplectic two-form ωµν,
the covariant derivative ∇µ etc. automatically satisfies the Lie-derivative condition
(40) on S∗M. Notice that this is in a marked contrast with the Duistermaat-
Heckman case, where we have no general rule for the construction of functionals
ψ that satisfy the condition (13) on M.
We shall first assume that the critical points of H are isolated and nondegen-
erate. We select
ψ =
1
2
X µH η¯µ (40)
As a generally covariant quantity, this automatically satisfies the condition (40).
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Explicitly,
QXψ = pµX µH + ηµ∇µX νH η¯ν
where ∇µ denotes the covariant derivative with respect to the H-invariant Levi-
Civita connection Γµ on M. Substituting in the integral (38) we get
Z =
∫
dxdpdηdη¯ exp{iφ(H + ω) + pµX µH + ηµ∇µX νH η¯ν}
We evaluate the pµ integrals and the integrals over the anticommuting variables
ηµ and η¯µ. The result is
Z =
∫
dxeiφHδ(X µH) det ||∂µX νH || =
∑
dH=0
e−iφHsign(det ||∂µνH||) (41)
where on the r.h.s. we recognize an equivariant version of the quantity that appears
in the Poincare´-Hopf theorem.
Next we consider
ψ = gµνpµη¯ν
As a generally covariant quantity, this again satisfies the condition (40) and we
have
QXψ = g
µνpµpν − 1
2
Rρµσνη
νηση¯ρ g
µκη¯κ −∇νX µH gνρη¯µη¯ρ
When we substitute this in (38), evaluate the Gaussian integral over pµ and the
integral over the anticommuting η¯µ we get
Z =
∫
M
dxdη exp{iφ(H + ω)} · Pf[∇νX µH +
1
2
Rµνρση
ρησ] (42)
We identify this as an equivariant version of the quantity that appears in the
Gauss-Bonnet-Chern theorem.
Combining (41) and (42) we obtain the following equivariant generalization of
the familiar relation between the Poincare´-Hopf and Gauss-Bonnet-Chern theo-
rems,
∑
dH=0
e−iφHsign(det ||∂µνH||) =
∫
M
dxdηeiφ(H+ω)Pf[∇νX µH +
1
2
Rµνρση
ρησ] (43)
In particular, in the φ→ 0 limit (43) reduces to the standard relation
∑
dH=0
sign(det ||∂µνH||) =
∫
M
dxdη Pf[
1
2
Rµνρση
ρησ]
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between the Poincare´-Hopf and Gauss-Bonnet-Chern theorems. As we have ex-
plained in the previous section, in this limit we also reproduce the finite dimen-
sional Matthai-Quillen formalism. (Notice that in taking the φ → 0 limit in the
r.h.s. of (43) we have used the fact, that the integral picks up the top-form of the
Pfaffian.)
In order to generalize to the case where the critical point setM0 of the Hamil-
tonian H is degenerate we first observe that both quantities in the r.h.s. of (43)
are equivariantly closed on Λ(M),
dH exp{iφ(H + ω)} = dHPf[∇νX µH +
1
2
Rµνρση
ρησ] = 0
Indeed, as we have explained in section 3. these quantities are the equivariant
generalizations of the Chern class and Euler class on M, respectively. Using our
standard arguments we then conclude that the following generalization of the in-
tegral in (43) over M,
Z =
∫
dxdη exp{iφ(H + ω) + dHψ} · Pf[∇νX µH +
1
2
Rµνρση
ρησ] (44)
is independent of the functional ψ and coincides with (43), provided ψ satisfies the
Lie-derivative condition
LHψ = 0
on Λ(M). If we select ( 16) and repeat the computation that yielded the degenerate
version (26) of the Duistermaat-Heckman integration formula, we find that the
contribution from the dHψ -term in (44) cancels the Pfaffian in (44) except for the
contribution that comes from the evaluation of the determinant over the normal
bundle N⊥ of the critical submanifoldM0 of H . Consequently (44) reduces to the
following integral over the critical submanifold M0 of the Hamiltonian H ,
Z =
∫
M0
dxdη exp{iφ(H + ω)} · Pf[∇νX µH +
1
2
Rµνρση
ρησ]
which can be viewed as an equivariant version of the Gauss-Bonnet-Chern formula
in the degenerate case.
6. Duistermaat-Heckman formula in the loop space
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We shall now proceed to generalize the previous results to loop space i.e. path
integrals. We again start by first considering the loop space generalization of
the Duistermaat-Heckman integration formula, and in the subsequent sections we
continue to more general loop space integration formulas.
In the Duistermaat-Heckman case we are interested in evaluating the standard
path integral
Z =
∫
[dx]
√
det ||ωµν|| exp{i
T∫
0
ϑµx˙
µ −H}
=
∫
[dx][dη] exp{i
T∫
0
ϑµx˙
µ −H + 1
2
ηµωµνη
ν} (45)
Here we have represented the path integral Liouville measure using anticommuting
variables ηµ. We again assume that the Hamiltonian H generates the action of a
circle S1 on the classical phase space M.
In order to evaluate (45), we interpret [12] it as an integral in the loop space LM
over the phase space M. This loop space is parametrized by the time evolution
xµ → xµ(t) with xµ(0) = xµ(T ). As before, we identify ηµ(t) as a basis of loop
space one-forms, ηµ ∼ dxµ and define exterior derivative on LM by lifting the
exterior derivative from M,
d =
T∫
0
dt ηµ(t)
δ
δxµ(t)
(46)
In the following all time integrals will be implicit, and e.g. instead of (46) we write
simply
d = ηµ∂µ
Similarly various other quantities on M can be lifted to LM. For example, by
defining the loop space symplectic two-form
Ωµν(t, t
′) = ωµνδ(t− t′)
we have a symplectic structure on LM.
We interpret the bosonic part of the action in (45) as a Hamiltonian functional
on the loop space. The corresponding loop space hamiltonian vector field has
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components
X µS = x˙µ − ωµν∂νH = x˙µ − X µH (47)
In particular, its critical points coincide with the classical trajectories.
We introduce a basis iµ of loop space contractions dual to the basis of one-forms
ηµ(t),
iµ(t)η
ν(t′) = δνµ(t− t′)
and define the loop space equivariant exterior derivative along the loop space vector
field (47),
dS = d+ iS = η
µ∂µ + X µS iµ (48)
The corresponding Lie-derivative is
LS = diS + iSd = X µS ∂µ + ηµ∂µX νS iν (49)
We introduce the invariant subcomplex of loop space exterior algebra where the
Lie derivative (49) vanishes. In this subspace (48) is then nilpotent and determines
loop space equivariant cohomology. In particular, the action in (45) is equivariantly
closed,
dS(ϑµx˙
µ −H + 1
2
ηµωµνη
ν) = 0
and determines an element of the corresponding equivariant cohomology class.
Again, we conclude [12] that if we add to the exponential in (45) a dS exact
term,
S →
∫
ϑµx˙
µ −H + 1
2
ηµωµνη
ν + dSψ
where ψ is in the nilpotent subspace
LSψ = 0 (50)
the corresponding path integral
ZΨ =
∫
[dx][dη] exp{i
∫
ϑµx˙
µ −H + 1
2
ηµωµνη
ν + dSψ} (51)
is invariant under local variations of ψ and coincides with (45). By selecting ψ
properly the path integral can then be evaluated by the localization method.
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In order to enumerate the different possibilities, we consider the following ex-
ample,
Z =
∫
[d cos(θ)][dφ] exp{i
T∫
0
j cos(θ)ϕ˙− j cos(θ)} (52)
This path integral is defined on the sphere S2 and yields the character of SU(2)
in the spin-j + 1
2
representation [22].
The loop space Hamiltonian vector field (47) of the action in (52) has two
components,
Xθ = θ˙
Xϕ = ϕ˙− 1 (53)
For T 6= 2pin the only T -periodic critical trajectories of (53) coincide with the
critical points of the Hamiltonian H = j cos(θ),
θ = 0, pi
Consequently for T 6= 2pin the critical point set of the action in (52) is isolated
and nondegenerate. On the other hand, for T = 2pin we have T -periodic classical
solutions for any initial value of θ and ϕ and the critical point set of the classical
action coincides with the classical phase space S2.
From this example we can abstract the following generic properties: The critical
points of the vector field (47) i.e. classical solutions
X µS = x˙µ − ωµν∂νH = 0 (54)
with the boundary conditions xµ(T ) = xµ(0) = xµ0 form a submanifold M0 of M,
the moduli space of classical solutions. For the class of Hamiltonians we consider
i.e. Hamiltonians that determine the action of a circle on the phase space this
moduli space can be characterized as follows:
- There are in general discrete values of T for which the classical solutions
(54) admit nontrivial periodic solutions xµ(0) = xµ(T ) for any initial condition
xµ(0) = xµ0 in a compact submanifold M0 of M. In the example above with
T = 2pin, this submanifold coincides with the original phase space M.
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- For generic values of T the periodic solutions with xµ(0) = xµ(T ) can only
exist if xµ(0) = xµ0 is a point on the critical submanifold of H . In particular, the
classical equations of motion reduce to
x˙µ = ωµν∂νH = 0
and consequently the moduli spaceM0 of T -periodic solutions in this case coincides
with the critical point set of H , which is a submanifold of M.
In order to localize (51), we need to construct an appropriate ψ. For this we
lift the H-invariant metric gµν on M to the loop space and define
ψ =
λ
2
gµνX µS ην
As a consequence of (15) the Lie-derivative condition (50) is satisfied. The eval-
uation of the λ → ∞ limit follows closely (that in section 3.: We write the loop
space variable xµ(t) as
xµ(t) = xˆµ(t) + δxµ(t)
where xˆµ(t) solves the classical equations of motion
X µS (xˆµ) = ∂txˆµ − ωµν(xˆ)∂νH(xˆ) = 0
and δxµ(t) denotes the fluctuations. Similarly, we define
ηµ(t) = ηˆµ(t) + δηµ(t)
where the ηˆµ(t) are zeroes of the loop space Riemannian momentum map
Ωµν =
1
2
{ δ
δxµ
(gνρX ρS )−
δ
δxν
(gµρX ρS )}
Ωµν(zˆ)ηˆ
ν = 0
In particular this implies that the ηˆµ are Jacobi fields, i.e. satisfy the fluctuation
equation
[δµν∂t − ∂νX µS (xˆ)] ηˆν = 0
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We define the loop space measure in (51) by
[dx][dη] = dxˆµ(t)dηˆµ(t)
∏
dδxµ(t)dδηµ(t)
and introduce the path integral change of variables
xµ(t) → xˆµ(t) + 1√
λ
δxµ(t)
ηµ(t) → ηˆµ(t) + 1√
λ
δηµ(t)
The corresponding Jacobian in the path integral measure is one. We are interested
in the λ → ∞ limit. By generalizing the computation in section 3. to the loop
space, we find that in this limit the path integral (51) reduces to an integral over
the moduli space M0 of classical solutions,
Z =
∫
dxˆ(t)dηˆ(t)
exp{i
T∫
0
ϑµ ˙ˆx
µ −H(xˆ) + 1
2
ηˆµωµν ηˆ
ν}
Pf||δνµ∂t − Ωνµ(xˆ)− 12Rνµρσ(xˆ)ηˆρηˆσ||
(55)
Here the Pfaffian is evaluated over the fluctuation modes δxµ, and Rµν is the
Riemannian curvature of the metric gµν evaluated on the classical solution xˆ
µ(t).
Notice in particular, that the measure in ( ) is an invariant measure over the moduli
space of classical solutions which is itself a symplectic manifold.
In the limit, where we assume that the solutions to (54) are isolated and nonde-
generate (for example if the critical points of H itself are isolated and nondegerate
and if the period T is such that the boundary condition xµ(0) = xµ(T ) only ad-
mits constant loops as solutions to the classical equations of motion) we can further
reduce (55) to
Z =
∑
dS=0
exp{iS(xˆ)}√
det ||δµνS||
(56)
In conclusion, we have here reduced the path integral to an integral over the
moduli space of classical solutions. In general this moduli space has a complicated,
T dependent structure. We shall now proceed to derive an alternative integration
formula for (45) which is applicable independently of the structure of the moduli
space of classical solutions. It also has the advantage, that it can be directly
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generalized to loop space equivariant Morse theory, as we shall see in the following
sections.
We select
ψ =
1
2
gµν x˙
µην
As a consequence of (15) the condition (50) is satisfied and the corresponding
action (51) is
S =
∫
1
2
gµν x˙
µx˙ν + (ϑµ− 1
2
gµνX νH)x˙µ−H −
1
2
ηµ(gµν∂t+ gνσx˙
ρΓσµρ)η
ν +
1
2
ηµωµνη
ν
where Γσµρ is again the (metric) Levi-Civita connection. By the ψ independence,
the path integal ( 51) remains invariant under the scaling gµν → λgµν of the metric.
If we evaluate it in the λ → ∞ limit we find [17] that the result is an ordinary
integral over the classical phase space M,
Z =
∫
dxdη exp{−iT (H + 1
2
ηµωµνη
ν)} 1√
det||δµν∂t − 12(Ωµν +Rµνρσηρησ)||
We evaluate the determinant using e.g. ζ-function regularization. The result is
Z =
∫
dxdη exp{−iT (H + 1
2
ηµωµνη
ν)} · Aˆ
[
T
2
(Ωµν +R
µ
νρση
ρησ)
]
(57)
where
Aˆ
[
T
2
(Ωµν +R
µ
νρση
ρησ)
]
=
√√√√det
[
T
2
(Ωµν +Rµνρσηρησ)
sinh[T
2
(Ωµν +Rµνρσηρησ)]
]
is the equivariant Aˆ-genus. This is our final integration formula for the path
integral (45), in terms of equivariant characteristic classes on the classical phase
space M. Notice in particular, that here we integrate over the entire phase space
M and not only over the moduli space M0 of classical solutions as in (55), which
is in general a T -dependent submanifold of M.
Since the equivariant Aˆ-genus and the equivariant Chern class are both equiv-
ariantly closed with respect to dH , we can further reduce (57) to the critical point
set M0 of H by repeating the steps that led to (26). For this, instead of (57) we
consider the more general integral
Zψ =
∫
dxdη Aˆ
[
T
2
(Ωµν +R
µ
νρση
ρησ)
]
· exp{−iT (H + 1
2
ηµωµνη
ν) + dHψ} (58)
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If ψ is in the invariant subspace of LH , according to our standard arguments (57)
and (58) coincide. If we select (16) and repeat the steps in section 3. we find that
(57) localizes to the following integral over the critical point set M0
Z =
∫
M0
dxdη Aˆ
[
T
2
(Ωµν +R
µ
νρση
ρησ)
]
· exp{−iT (H +
1
2
ηµωµνη
ν)}
Pf(Ωµν +Rµνρσηρησ)
of the classical Hamiltonian H , which generalizes (26) to path integrals. In partic-
ular, if the critical point set M0 of H is isolated and nondegenerate this reduces
further to the following generalization of (10),
Z =
∑
dH=0
Aˆ
[
T
2
Ωµν
]
· exp{−iTH}
Pf(Ωµν)
7. Classical Morse theory and path integrals
We shall now proceed to generalize the loop space localization methods of the
previous section to path integrals that are defined over the supermanifold S∗M.
In the present section we shall consider the infinite dimensional Matthai-Quillen
formalism described in [10] to derive some standard results in nondegenerate Morse
theory. In the following section we then generalize these results to the equivariant
and degenerate cases.
The various quantities constructed in section 4. can be directly lifted to the
loop space L(S∗M) over S∗M. In particular, we define the loop space equivariant
exterior derivative (in the following time integrals are implicit)
Qt = η
µ ∂
∂xµ
+ pµ
∂
∂η¯µ
+ x˙µiµ + ˙¯ηµpi
µ (59)
which is equivariant with respect to the natural action of the circle S1: xµ(t) →
xµ(t + τ) etc. on L(S∗M). The corresponding Lie derivative which acts on the
exterior algebra over L(S∗M) is
 Lt = Q
2
t = x˙
µ ∂
∂xµ
+ ˙¯ηµ
∂
∂η¯µ
+ η˙µiµ + p˙µpi
µ ≡ ∂
∂t
(60)
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We again introduce the conjugation (28), (29) which yields for the equivariant
exterior derivative (59)
Qt −→ eΦQte−Φ = ηµ ∂
∂xµ
+ (pµ + Γ
ρ
µνη
ν η¯ρ)
∂
∂η¯µ
+x˙µiµ + ( ˙¯ηµ − x˙νΓρµν η¯ρ + Γρµνpρην −
1
2
Rρµνση
σην η¯ρ)pi
µ
while the Lie derivative (60) remains intact.
We are interested in deriving localization formulas for the following path inte-
gral over L(S∗M)
Z =
∫
[dx][dη][dp][dη¯] exp{i
∫
Qtψ} (61)
which is of the standard form of (cohomological) topological path integral [20].
According to our general arguments, (61) is invariant under local variations of ψ
provided these variations are in the subspace
 Ltψ = 0 (62)
But as a consequence of (60) any functional ψ which is single-valued over the loops
satisfies (62) since
 Ltψ =
T∫
0
dt ∂tψ = ψ(T )− ψ(0)
We select
ψ =
λ
2
gµν x˙
µην + gµνpµη¯ν
where gµν is a metric tensor on the original phase space M. This gives for the
action in (61)
S =
∫
Qtψ =
∫
λ
2
gµν x˙
µx˙ν +
λ
2
ηµ(gµν∂t + gνσx˙
ρΓσρµ)η
ν +
1
2
gµνpµpν
− 1
2
Rρµσνη
νηση¯ρη¯µ +
1
2
(η¯κg
κµ)(gµν∂t − gνσx˙ρΓσρµ)(gνξη¯ξ)
According to our standard arguments the corresponding path integral is indepen-
dent of λ, and we evaluate it in the λ → ∞ limit. For this we introduce the
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following local coordinates on the loop space,
xµ(t) = xµ0 + x
µ
t
ηµ(t) = ηµ0 + η
µ
t
pµ(t) = pµ0 + pµt
η¯µ(t) = η¯µ0 + η¯µt (63)
with xµ0 , . . . η¯µ0 the constant modes of x
µ(t), . . . η¯µ(t) and xµt , . . . η¯
µ
t the t-
dependent fluctuation modes. We define the path integral measure by
[dx][dη][dp][dη¯] = dxµ0dη
µ
0dpµ0dη¯µ0
∏
t
dxµt dη
µ
t dpµtdη¯µt
and introduce the change of variables
xµt →
1√
λ
xµt
ηµt →
1√
λ
ηµt (64)
At least formally, the corresponding Jacobian is trivial. In the λ→∞ limit we can
evaluate the path integrals over all fluctuation modes and the ordinary integrals
over the constant modes pµ0 and η¯µ0. In this way we find that (61) reduces to the
integral of the Pfaffian of the curvature two-form over the constant modes xµ0 and
ηµ0 ,
Z =
∫
dxdη Pf(Rµνρσηρησ) = χ(M) (65)
i.e. the path integral (61) yields the Euler number of the phase space M.
In order to relate (61) to the non-degenerate version of the Poincare´-Hopf the-
orem, we introduce an arbitrary smooth vector field on M with components V µ
such that its zeroes are isolated and nondegenerate. (Notice that e.g. in [10] only
gradient vector fields were considered.) We then select
ψ =
λ
2
gµν x˙
µην + (x˙µ + V µ)η¯µ
This yields for the action in (61)
S =
∫
Qtψ
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=
∫
λ
2
gµν x˙
µx˙ν +
λ
2
ηµ(gµν∂t + gνσx˙
ρΓσρµ)η
ν + pµ(x˙
µ + V µ) + η¯µ(δ
µ
ν∇t +∇νV µ)ην
We again introduce the change of variables (64) for the fluctuation modes. In
the λ→∞ limit the integral over pµ(t) yields a δ-function that localizes the path
integral over xµ(t) to the zeroes of V µ. The remaining path integrals are Gaussians,
and evaluating these we obtain
Z =
∑
dV=0
sign(det ||∇µV ν ||) (66)
Combining (65) and (66) we then have the familiar Morse theory relation between
the Poincare´-Hopf and Gauss-Bonnet-Chern theorems,
∑
dV=0
sign(det ||∇µV ν ||) =
∫
dxdη Pf(Rµνρση
ρησ) (67)
We note that a generalization of (67) to the degenerate case can be derived by
directly generalizing the computations in the previous sections.
8. Equivariant Morse theory in loop space
In order to derive path integral versions of the equivariant Poincare´-Hopf and
Gauss-Bonnet-Chern theorems we need a loop space version of the equivariant
exterior derivative QX in (32). For this, we combine (32) and (59) to the following
equivariant exterior derivative on the loop space L(S∗M),
QS = d+ iS = η
µ ∂
∂xµ
+ pµ
∂
∂η¯µ
+ (x˙µ − X µH)iµ + ( ˙¯ηµ − ∂µX νH η¯ν)piµ (68)
Notice that the zeroes of the iµ-components of the loop space vector field in (68)
yield the equations of motion
x˙µ −X µH = 0
for the classical action
S =
∫
ϑµx˙
µ −H
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while the zeroes of the piµ-components of the vector field in (68) determines the
Jacobi equation,
(δµν∂t − ∂νX µH)η¯µ = 0
We again assume that
LHΓµ = 0
and introduce the conjugation (28) which yields for (68)
QS −→ eΦQSe−Φ = ηµ ∂
∂xµ
+ (pµ + Γ
ρ
µνη
ν η¯ρ)
∂
∂η¯µ
+ (x˙µ − X µH)iµ
+ {Γρµνpρην −
1
2
Rρµσνη
νηση¯ρ − (x˙ν −X νH)Γρµν η¯ρ + (δρµ∂t − ∂µX ρH)η¯ρ} piµ
The pertinent conjugated Lie derivative is a linear combination of (33) and (60),
 LS = ∂t +  LX = ∂t + X µH
∂
∂xµ
+ ηµ∂µX νH iν − ∂µX νH η¯ν
∂
∂η¯µ
− pν∂µX νHpiµ (69)
and it determines the action of the vector field in 68) on the exterior algebra over
the loop space L(S∗M).
We are interested in deriving localization formulas for the path integral
Z =
∫
[dx][dp][dη][dη¯] exp{i
∫
ϑµx˙
µ −H + 1
2
ηµωµνη
ν +QSψ} (70)
Since (69) is a linear combination of time translation and (36), we conclude that any
generally covariant functional ψ which is single valued in the loop space satisfies
the ψ-independence condition
 LSψ = 0 (71)
We shall first derive an interpretation of (70) corresponding to the Poincare´-
Hopf theorem in the case where the critical points of the action S are isolated and
nondegenerate. As we have explained in section 6. this can be the case for example
if the period T is properly selected and the critical point set of the Hamiltonian
H is isolated and nondegenerate.
We first introduce the functional
ψ1 = g
µνpµη¯ν (72)
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where gµν is again a metric tensor on the original phase space M which is Lie-
derived by the Hamiltonian vector field of H ,
LHg = 0
As a local and generally covariant quantity (72) then satisfies the Lie-derivative
condition (71) . A direct computation yields for the last term in the action in (70)
QSψ1 = g
µνpµpν − 1
2
Rρµσνη
νηση¯ρg
µκη¯κ
−η¯µ(gµν∂t + ∂ρX µH gρν)η¯ν + η¯µgµσ(x˙ρ − X ρHΓνρσ)Γνρση¯ν
Next, we introduce
ψ2 =
λ
2
gµν(x˙
µ − X µH)ην (73)
where λ is a parameter. This functional is also generally covariant and single valued
on the loop space, and consequently it satisfies the condition (71). Explicitly, we
find for the last term in (70)
QSψ2 =
λ
2
gµν(x˙
µ − X µH)(x˙ν −X νH) +
λ
2
ηµ∂µ(gνρx˙
ν − gνρX νH)ηρ
We substitute both (72) and (73) in (70) and take the λ → ∞ limit. By assum-
ing that the solutions to (54) are isolated and nondegenerate and repeating the
localization procedure that led to (56), we find that in this limit (70) reduces to
Z =
∑
δS=0
sign(det ||δµνS||) exp{iS}
where the sum is over all classical solutions (56) i.e. critical points of the classical
action S. This result shows, that the path integral (70) indeed can be related to
an equivariant version of the Poincare´-Hopf theorem in the loop space.
We shall now consider the following functional
ψ3 =
λ
2
gµν x˙
µην
As a generally covariant and single valued loop space functional, this satisfies the
Lie-derivative condition (71). Explicitly, we get for the last term in (70)
QSψ3 =
λ
2
(x˙µ − X µH)gµν x˙ν +
λ
2
ηµ(gµν∂t + x˙
ρgµσΓ
σ
ρν)η
ν
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We then consider (70) with
ψ = ψ1 + ψ3
We introduce the change of variables (64) and repeat the steps that led to (65).
In this way we find that as λ→∞ (70) localizes to the following integral over the
original symplectic manifold M,
Z =
∫
M
dxdη exp{−iT (H + 1
2
ηµωµνη
ν)} Pf[1
2
(Ωµν +R
µ
νρση
ρησ)] (74)
where Ωµν is again the Riemannian momentum map (18) and R
µ
ν is the curvature
two-form on M. In particular, we find that the path integral (70) coincides with
the finite dimensional integral (42).
Since the equivariant Chern class and the equivariant Pfaffian are both equiv-
ariantly closed with respect to d + iH on the manifold M, we can apply further
localization to the integral (74). If M0 again denotes the critical submanifold of
H in M, following section 3. we then find that (74) reduces further to
Z =
∫
M0
dxdη exp{−iT (H + ω)}Pf[1
2
(Ωµν +R
µ
νρση
ρησ)]
which can be further reduced to a sum over the critical points of H
Z =
∑
dH=0
e−iTHsign(det ||∂µνH||)
provided these critical points are isolated and nondegenerate.
9. Conclusions
In conclusion, we have shown how the Matthai-Quillen formalism can be gen-
eralized by ”equivariantizing” it with respect to a vector field on a supersym-
metric complex S∗M. We have applied this generalization to construct novel
(path)integrals that yield equivariant versions of the Poincare´-Hopf and Gauss-
Bonnet-Chern theorems in classical Morse theory. These (path)integrals are nat-
urally associated with integrable dynamical systems, suggesting that for a large
class of integrable models the quantum theory could be formulated geometrically
34
in terms of equivariant cohomology on the classical moduli space of the theory.
In particular, our work indicates that there should be an intimate relationship
between cohomological topological field theories and quantum integrable models.
Acknowledgements: We thank A. Alekseev, V. Fock and A. Rosly for discus-
sions.
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